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The interest of Irving Ezra Segal in group representations evolved from
his interest in representations of arbitrary locally compact groups to repre-
sentations of the conformal group. I will distinguish, somewhat arbitrarily,
three periods.
• Between 1940 and 1952, his concern for group representations was
focused on the abstract theory of representations of arbitrary locally
compact groups and of algebras related to groups. Some of his abstract
theorems are now so much part of our current knowledge that many
mathematicians in the field of group representations, including myself
before writing this bibliographical notice, may have forgotten that these
theorems were discovered by Segal around 1950. Who is not aware that
‘‘the’’ group algebra of a group is its Cg-algebra? Segal proposed to asso-
ciate a Cg-algebra to any locally compact group in 1947. Who does not
know the Plancherel measure? The existence of the Plancherel measure was
proven in 1950 by Segal. Who is not sure that the center of the enveloping
algebra of a Lie group acts by scalar operators in any irreducible unitary
representation? This was proven by Segal in 1952.
• From 1955 to 1967, the preoccupations of Segal were most often
related to quantum mechanics. The groups he considered were groups of
symmetries of the canonical commutation or anticommutation relations,
with eventually an infinite number of variables. His point of view is very
modern. He considers the spinor group and the metaplectic group as twins,
in a spirit very close to the present day super-formalism. Implementation of
symplectic transformations by unitary operators led to the discovery of the
Segal–Shale–Weil representation, in finite- or infinite-dimensional context.
• Finally, from 1967 on, Segal engaged himself fully in his work on
cosmology with the conformal group as new symmetry group and he
pursued an extremely detailed study of the representations of the conformal
group, along with collaborators. Mathematicians involved in representa-
tions of general semi-simple Lie groups were often puzzled by the difficul-
ties in dealing with special questions, such as the detailed composition
series of some Harish-Chandra modules, or unusual questions, such as
representations in real Hilbert spaces. Segal’s emphasis on the necessity for
physical reasons to consider positive representations of causal groups gave
a strong impetus to research on highest weight representations, complex
analysis in hermitian symmetric spaces and causal geometry.
Let me now comment in some detail on a selected list of his publications
connected with group representations.
We may recall that the existence of the Haar measure for a locally
compact group was established by Haar in 1933. A fundamental article by
F. J. Murray and J. von Neumann on the algebras now called von
Neumann algebras appeared in 1936. The theory of Cg-algebras was
started by Gelfand and Gelfand–Naimark around 1943. How to construct
irreducible continuous representations of a locally compact group? Do
there exist sufficiently many of them? What are the conditions for a topo-
logical group to be a Lie group? Do there exist functions generating Lp(G)
under translations? What is ‘‘the’’ group algebra of a locally compact
group? These were questions at the core of the research of many mathema-
ticians between 1940–1950, and the work of Segal began in this context.
The thesis of Segal is dedicated to the algebra L1(G) [S1], where G is an
arbitrary locally compact group. By the study of ideals of L1(G), Segal
proved that a locally compact group has a complete set of irreducible
representations in Banach spaces. In fact, the question of existence of suf-
ficiently many unitary irreducible representations of G was the preoccupa-
tion of several other mathematicians, notably Gelfand and Raikov [G-R]
and Godement [Go1] around this time. In the article [S2], Segal proposed
to associate to any locally compact group G the Cg-algebra obtained by
completing L1(G) in the operator norm of bounded operators on L2(G).
Using the theory of pure states on Cg-algebras, he gave a new elegant proof
of the theorem of Gelfand and Raikov on the existence of a complete set of
irreducible strongly continuous unitary representations of G in Hilbert spaces.
Let G be a locally compact unimodular group. In [S3], Segal considered
the von Neumann algebra Al which is the weak closure of left translations
on L2(G). Similarly, let Ar be the algebra generated by right translations.
Then Ar is the commutant of Al. This was also proved independently by
Godement [Go2]. This allowed Segal in [S4] to decompose the Hilbert
space L2(G) with its left and right representation of G as a measurable sum
of Hilbert spaces H(t) with respect to a measure ds(t). Each Hilbert space
H(t) carries a factor representation W(t) of G×G. Furthermore, the trace
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fQ f(e) on L2(G) is decomposed in traces of factors, in particular factor
representationsW(t) of type III have measure 0.
We must remember how sketchy the information on representations of
locally compact groups was at that time. Unitary irreducible representa-
tions of SL(2, R) were classified by Bargmann [Ba] in 1947. Harish-
Chandra [H-C1] and Gelfand and Naimark [G-N1] computed explicitly
the list of unitary irreducible representations of the group SL(2, C), and
Gelfand and Naimark [G-N2] the Plancherel measure for the group
SL(n, C) in 1948. Bargmann and Wigner [Ba-W] classified the unitary
irreducible representations of the inhomogeneous Lorentz group in 1948.
Mautner proved that there was a solvable Lie group of dimension 5 such
that its regular representation gives rise to factors of type II. It was
conjectured that any factor representation of a connected semi-simple Lie
group was of type I. Von Neumann and Segal [S6] proved that there are
no factor representations of a semi-simple Lie group of type II1. Then
Harish-Chandra [H-C2] proved in 1953 that indeed all factor representa-
tions of a semi-simple Lie group were of type I (using a theorem of Segal
on the existence of infinitesimal characters). The explicit Plancherel
formula for SL(2, R) was found in 1952. But we had to wait until 1976 for
the Plancherel formula for a general semi-simple real Lie group [H-C4].
Let G be a Lie group and g its Lie algebra. A unitary representation of G
gives rise to a representation of g by essentially skew-adjoint operators.
This was proved in [S5] by Segal and by Mautner [Mau] in 1952. More
generally, the problem of what are the elements of the enveloping algebra
of g that give rise to essentially normal operators is open (it is not always
true as shown by von Neumann). Several cases were treated by Segal over
an extended period of time [S5, S7, S12, S14]. An important case settled
positively by Segal is the case of operators coming from the center of the
enveloping algebra. The existence of the infinitesimal character is a conse-
quence of this theorem.
Around this time, the theory of induced representations was developed
by Mackey [Mac].
In [S5] (1951) we note the first appearance of the group O(2, 4) in
Segal’s work dealing with infinitesimal characters of representations and
their quantum numbers. This first encounter with O(2, 4) is expanded in
the notes [S8]. Consider the 15-dimensional group K arising as the group
of transformations of functions the Minkowski space of the form
f(x)W e ia+(x, y)f(Lx+a), where a, y are vectors in the Minkowski space, a
is real, and L is a Lorentz transformation (here (x, y) is the Minkowski
product). This is the group of natural transformations of the standard rel-
ativistic theory. Unitary irreducible representations of this group K can be
classified using the ‘‘Mackey machine’’ and the list of unitary irreducible
representations of the Lorentz group. This 15-dimensional group K is a
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limiting case of the group O(2, 4), under rescaling of the (2, 4)-quadratic
form, and Segal proposed to replace the group K by O(2, 4). He pursued
this idea, 12 years later, communicating his fervent interest in the group
O(2, 4) to many other mathematicians. All the unitary representations of
the group SU(2, 2) (isomorphic to the connected component of O(2, 4))
were classified much later in 1982 by Anthony Knapp and Birgit Speh
[K-S].
Remember that the fundamental theorem of Stone and von Neumann on
the uniqueness of the representation of the canonical commutation rela-
tions was proved around 1930. Segal was constantly preoccupied with the
axioms of quantum mechanics, in particular with the unitary representa-
tions of the infinite-dimensional Heisenberg group (infinitely many degrees
of freedom). Consider the symmetric algebra S(H) of a complex Hilbert
space. If HŒ is a real form of H, he proved in 1956 that the Hilbert space
L2(HŒ) (defined in the infinite-dimensional case with the help of a Gaussian
measure) and the Hilbert space S(H) are unitarily equivalent in a uniform
way whether HŒ is finite- or infinite-dimensional. Furthermore there is
a natural unitary representation of the (finite- or infinite-dimensional)
Heisenberg group built on HŒÀ (HŒ)g in L2(HŒ). Segal always considered the
boson fields (symmetric tensors) [S9] and the fermion fields (antisymme-
tric tensors) [S10] simultaneously. In this way, he saw no difference in the
construction of the spinor representation of the spinor group (finite or
infinite) or of the harmonic representation of the metaplectic group (finite
or infinite). His abstract approach to the harmonic representation (more
commonly called the Weil representation) of the double cover of the
symplectic group was especially dear to him. If A is an abelian locally
compact group, any ‘‘symplectic’’ automorphism T of A À Ag is imple-
mented by a unitary operator C(T) acting on L2(A). This projective repre-
sentation C of the symplectic automorphism group was studied over R by
D. Shale [Sh] (a student of Segal) and over the adeles by Weil. It is still an
object of fundamental importance over finite fields, p-adic fields, and the
real field in number theory as well as in analysis. For an infinite-dimen-
sional real Hilbert space HŒ, symplectic transformations sufficiently close
to the identity can also be implemented by unitary operators [Sh]. The
question of how to implement general symplectic transformations stayed
within Segal’s mind. In collaboration with Paneitz, Pedersen, and Zhou, he
proposed a possible answer to this question in 1991 [S23].
As a natural consequence of his study of the symmetric tensors of a
complex Hilbert space H, Segal proved in [S11] an analogue of the Schur
theorem for the representations of the (infinite-dimensional) unitary group
of H, under a condition of positivity of these representations.
In 1965, a theorem of L. O’Raifeartaigh generated some doubts on the
physical relevance of the inhomogeneous Lorentz group. As stated by
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Segal: ‘‘physically, the theorem provides a speck of theoretical certainty in
a vast uncharted sea of uncertainty · · · radically new notions of space and
time are needed.’’ The assertion of L. O’Raifeartaigh is as follows: let G be
a group containing the inhomogeneous Lorentz group as a subgroup.






3. If the mass operator in a
unitary representation of G is self-adjoint, then the eigenspace of an
isolated eigenvalue of the mass operator is globally invariant by G. The
first article of the first issue of the Journal of Functional Analysis is an
article by Segal proving L. O’Raifeartaigh’s theorem in a more general
context and with fewer hypotheses. This article was a turning point in
Segal’s work.
From now on, central to his preoccupations was the notion of a positive
representation of a causal group [S18]. The intuitive notion (which we all
feel to be true) is that time cannot be reversed. A causal manifold has at
each point a closed convex cone in the tangent space representing future
directions [S16]. In a short note [S15] (1967), Segal’s programme of
research on group representations for the next 31 years to come is stated: it
will be the study of the ‘‘holomorphic representations’’ of the group O(2, 4)
or more precisely of its universal cover. The connected component group of
O(2, 4) is also the group generated by the inhomogeneous Lorentz group
together with dilations and the inversion on Minkowski space, so that it is
the conformal group of Minkowski space. The inhomogeneous Lorentz
group extended by scalars is a maximal parabolic subgroup of O(2, 4). The
invariance under the conformal group of Maxwell’s equations and other
wave equations on Minkowski space are important properties that were
discovered by Bateman and Cunningham [Ba-Cu]. Furthermore, L. Gross
[Gr] proved that the natural unitary representation of the inhomogeneous
Lorentz group in solution spaces (particles of zero rest mass) extends to the
conformal group. Many arguments in favor of the physical relevance of the
conformal group are given in [S15]. Segal’s chronometric cosmology is
presented in his book [S17] and reviewed in [D-S]. I will not discuss the
physical aspects of Segal’s work here, but only his detailed study of some
induced representations of the conformal group.
Starting around 1975, several mathematicians (including his students
Hans Jakobsen, Bent Ørsted, and Stephen Paneitz) were ‘‘enlisted’’ by
Segal to study positive representations of semi-simple real Lie groups G
(such that the associated symmetric domain G/K is hermitian symmetric);
see [S18], [S19]. These representations have a strong interplay with
complex analysis and are ‘‘continuations’’ of the representations of holo-
morphic discrete series of Harish-Chandra [H-C3]. This line of research
produced numerous results; see [J, J-V, O, Pa1, Sp]... Irving Segal engaged
in an intense collaboration with Stephen Paneitz, who died tragically
in 1983. Then he worked with David Vogan and Zhengfang Zhou as
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collaborators. Bert Kostant (a former student of Segal) was also a source
of information and ideas at some stages.
The connected component of the group O(2, 4) is isomorphic to the
group SU(2, 2). The corresponding hermitian domain D is the space of
2×2 complex matrices Z such that ZgZ < I. The Shilov boundary of D
is the unitary group U(2). Its universal cover is isomorphic to Segal’s
‘‘cosmos’’ M=R×S3. If we identify the Minkowski space R1, 3 with the
space H(2) of hermitian matrices by
(x0, x1, x2, x3)WX=1 x0+x1x2−ix3 x2+ix3x0−x1 2 ,







x2 on Minkowski space, it is transformed under




D) is an element of SU(2, 2), then it acts on functions on U(2)
by the representation Uw given by (Uw(S−1) f)(Z)=det(CZ+D)w×
f( AZ+BCZ+D). If w is real, this can be defined as a representation of the univer-
sal cover of SU(2, 2). Remarkable results concerning the representations
Uw (called representations in scalar bundles) are proven in [S20]. If w=1,
the space of solutions of the equation (ic+1) Y=0 is not reduced to zero
and is invariant and unitarisable, with the highly non-trivial inner product
OY, FP involving first derivatives of the functions Y, F on U(2). The
composition series (consisting of at most six factors) of the representation
Uw is determined (this was also determined by Birgit Speh [Sp]).
Consider the parabolic group P=GL+(2, C)×H(2), where GL+(2, C)
denotes the subgroup of GL(2, C) having a positive determinant. The
representations Uw are representations induced by the character (g, H)W
det(g)w. The articles of the series ‘‘Analysis in space–time bundles’’ are
devoted to the study of induced representations of this parabolic group P.
Inducing the natural representation of GL+(2, C) in C2, tensored with the
character det(g)w, gives a series of representations USw of the universal
covering group on spinor bundles. The basis of K-finite vectors of these
induced representations is given together with the explicit infinitesimal
action of the Lie algebra. The Dirac equation plays the role of the wave
equation and its space of solutions is invariant by US3/2. An explicit and
beautiful positive definite inner product on the solutions and a description
of this subspace in terms of K-finite vectors are also given. The composi-
tion series of this induced representation are completely determined. In the
case of the representation of GL+(2, C) in L2H(2), the induced bundle is
the bundle of 2-forms onM. The solutions of Maxwell’s equations form an
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invariant, unitarisable subspace. An invariant inner product on space–time
was given in [Gr].
The next undertaking of Irving Segal, with the collaboration of David
Vogan and Zhengfang Zhou, was the study of the representations of
O(2, 4) obtained by the tensor products of the representations Uw in scalar
bundles with some finite-dimensional representations of the group O(2, 4),
namely the spin and the adjoint representation, of dimensions 8 and 15
respectively. The composition factors are completely determined for the
tensor product S of the representation Uw=2 with the spin representation,
and the tensor product P of the representation Uw=0 with the adjoint
representation. In the composition factors of S, several unitary subquo-
tients appear, in particular the already seen solutions of the Dirac equation
(the neutrino and anti-neutrino space). In the composition series of P, the
solutions of Maxwell’s equations arise as subspaces, while two other
highest weight representations appear as subquotients called W and Z. As
Segal wished, these representations W and Z are contained in the tensor
product of S with itself.
The work of Segal on the representations of the conformal group was
inspired by physical considerations of elementary particles and their
interactions and in the continuation of Bargmann and Wigner’s detailed
study of the representations of the inhomogeneous Lorentz group. Math-
ematically, the study of the representations of the group SU(2, 2) offers a
variety of very subtle problems, including the study of the K-types, the
composition series and local invariant trilinear forms between bundles. A
formidable task was accomplished in the series of articles ‘‘Analysis in
space-time bundles.’’
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